In this paper, we introduce the Bernoulli polynomials with the variable [x] q and we get polynomials related to the Bernoulli polynomials with the variable [x] q and the Bernoulli numbers as coefficients. By the p-adic integral on Z p , we define Bernoulli polynomials and we also get the some interesting properties. Finally, we observe an interesting phenomenon of 'scattering' of the zeros of the Bernoulli polynomials B n,q (x) in complex plane.
Introduction
Bernoulli numbers and polynomials possess many interesting properties and arising in many areas of mathematics, mathematical physics and statistical physics. Recently, many mathematicians have studied in the area of Bernoulli numbers and polynomials(see [1] - [5] ). Throughout this paper, we use the following notations. By Z p we denote the ring of p-adic rational integers, Q p denotes the field of p-adic rational numbers, C p denotes the completion of algebraic closure of Q p , N denotes the set of natural numbers, Z denotes the ring of rational integers, Q denotes the field of rational numbers, C denotes the set of complex numbers, and Z + = N ∪ {0}. Let ν p be the normalized exponential valuation of C p with |p| p = p −νp(p) = p −1 . When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex number q ∈ C, or p-adic number q ∈ C p . If q ∈ C one normally assume that |q| < 1. If q ∈ C p , we normally assume that |q −1| p < p
Throughout this paper we use the notation:
Hence, lim q→1 [x] = x for any x with |x| p ≤ 1 in the present p-adic case. Kim defined the fermionic p-adic integral on Z p
, (see [2] ).
First, we introduce the Bernoulli numbers and Bernoulli polynomials. The Bernoulli numbers B n are defined by the generating function:
where we use the technique method notation by replacing B n by B n (n ≥ 0) symbolically. We consider the Bernoulli polynomials B n (x) as follows:
In the special case x = 0, we define B n (0) = B n .
Bernoulli polynomials with the variable [x] q
Our primary goal of this section is to define Bernoulli numbers B n,q and polynomials B n,q (x) and to derive properties of these. We also find generating functions of Bernoulli numbers B n,q and polynomials B n,q (x) using
By (1), we get the witt's formula as below:
Therefore, we have the following;
where B n,q (0) = B n,q and the generating function of B n,q is
From (2.2), we have the following;
Hence, we get the property for addition as below:
qt . Then we consider the derivation for x.
Hence we obtain
Therefore, we have the following derivation theorem and corollary.
Theorem 2.2 For
n ≥ 0, one has d dx B n,q (x) = − n log q 1 −x B n−1,q (x).
Corollary 2.3
For n ≥ 0, one has
From (2.2), we get easy the following recurrence formula.
By some calculus, we get
. From (2.3), we can find B n,q (x) and is listed as below:
Let f (x) = e ([y]q+x)t . By (1.1), we have
and
By derivation, we get as below:
Hence, from (1.1), (2.4), (2.5) and (2.6) we have the following theorem.
Theorem 2.4 For n ≥ 0, one has
k .
Beautiful zeros of the Bernoulli polynomials
In this section, we display the shapes of the Bernoulli polynomials B n,q (x) and we investigate the zeros of the tangent polynomials B n,q (x). Let q be a complex number with |q| < 1. By the meaning of (1.2) and (1.3), let us define the q-Bernoulli numbers B n,q and polynomials B n,q (x) as follows:
By (3.1), we have lim q→1 B n,q (x) = B n (x), B n,q = B n . Our numerical results for numbers of real and complex zeros of B n,q (x) are displayed in Table 1 . We calculated an approximate solution satisfying B n,q (x), x ∈ C. The results are given in Table 2 . In Table 2 , we choose q = 1/2. Next, we investigate the beautiful zeros of the B n,q (x) by using a computer. We plot the zeros of B n,q (x) for n = 30 and x ∈ C (Figure 1 ). In Figure  1 (top-left), we choose q = 1/2. In Figure 1 (top-right), we choose q = 1/3. In Figure 1 (bottom-left), we choose q = 1/4. In Figure 1 (bottom-right), we choose q = 1/5. Stacks of zeros of B n,q (x) for 1 ≤ n ≤ 30 from a 3-D structure 
. Then
From (3.2) and (3.3), we get the following complement theorem. 
It is known that from (
reflection symmetry in addition to the usual Im(x) = 0 reflection symmetry analytic complex functions. B n (x) = 0 has n distinct solutions, ie., all the zeros are nondegenerate. However, we observe that B n,q (x), x ∈ C, has not Re(x) = 1 2 reflection symmetry analytic complex functions (Figures 1-2) . B n,q (x) has not n distinct solutions(see Table 1 ).
The theoretical prediction on the zeros of B n,q (x) is await for further study. We plot the zeros of B n,q (x), respectively. These figures give mathematicians an unbounded capacity to create visual mathematical investigations of the behavior of the roots of the B n,q (x). Moreover, it is possible to create a new mathematical ideas and analyze them in ways that generally are not possible by hand. The authors have no doubt that investigation along this line will lead to a new approach employing numerical method in the field of research of the Bernoulli polynomials B n,q (x) to appear in mathematics and physics.
